Abstract. We give a summary of results for dimensions of spaces of cuspidal Siegel modular forms of degree 2. These results together with a list of dimensions of the irreducible representations of the finite groups GSp(4, p) are then used to produce bounds for dimensions of spaces of newforms with respect to principal congruence subgroups of odd square-free level.
Introduction
The classical theory of the passage of modular forms to automorphic representations is the starting point for its extension to Siegel modular forms of higher degree. The GL(1) case is famously described in Tate's thesis [19] . Let A denote the adèles of the rational numbers É. Let χ N be a Dirichlet character mod N . This character can be associated to a continuous character ω : GL(1, É)\GL(1, A) −→ × , which can be written in terms of local components
where ω v is a character of GL(1, É v ). The global L-function of ω is constructed from an analysis of the local components ω v . Many Dirichlet characters are associated to a single such character ω, but among them is a unique primitive one.
Similarly, classical modular forms f ∈ S 1 k (Γ(N )) can be associated to automorphic representations π of GL(2, A), which can be written in terms of local components
where π v is a representation of GL(2, É v ). π can be realized in the action of GL(2, A) by right translation on a certain space of functions on GL(2, É)\GL(2, A).
Again, many modular forms are associated to a single such representation π, but among them is a unique primitive f known as a newform.
This passage has been studied in great detail. The seminal work for the GL(2) theory is the book of Jacquet and Langlands [10] . A survey of the passage has been written by Kudla [11] . The reader is also encouraged to consult the works of Bump [2] , Diamond and Im [3] , and Gelbart [5] .
In the higher degree case, we can also associate an eigenform f of degree g to an automorphic representation of GSp(2g, A) = G(A). In particular, a useful approach to finding dimensions of spaces of Siegel cusp forms of degree 2 is to investigate the representation theory of GSp (4) . Results in this group's representation theory can be translated to results on spaces of cusp forms. Again, many cusp forms are associated to a single such representation π, but among them is a unique primitive form known as a newform. These cuspidal automorphic representations π can be written in terms of local components π v , where v is a place of É. The local components of the automorphic representation in turn give rise to local components of the cusp form. One can find the dimensions of certain spaces where some of these local components live. The dimensions tell us essentially how many choices we have for the local factors of the representation and therefore the number of choices of local vectors. The number of associated automorphic representations is then the same as the dimension of the space of newforms.
The paper is organized as follows. After definitions and notations are established, we give dimension formulas for certain spaces of cuspidal Siegel modular forms that already exist in the literature. For automorphic representations associated to cuspidal Siegel modular forms with respect to principal congruence subgroups, we argue a descent to the representations of the finite group GSp(4, p ). The dimensions of the irreducible representations of this finite group were computed by the author [1] . These dimensions are then used to find bounds for dimensions of certain newforms using existing results on dimensions of spaces of fixed vectors in the local components of certain representations associated with Siegel cusp forms.
The author wishes to thank his advisor Ralf Schmidt for his guidance and Alan Roche for helpful notes on the supercuspidal case in the theorem below.
Definitions and notations
Define the general symplectic group GSp(4) as GSp(4) := {g ∈ GL(4) :
for some λ = 0, which will be denoted by λ(g) and called the multiplier of g. The set of all g ∈ GSp(4) such that λ(g) = 1 is the subgroup Sp(4). Any g ∈ G can be uniquely written as
with g ′ ∈ Sp(4). The Siegel upper half plane of degree 2 is the set of 2 × 2 symmetric matrices with complex entries that have a positive definite imaginary part, i.e.,
The symplectic group Sp(4, Ê) acts on H 2 by
with Fourier series expansion
where the series ranges over integral-valued half-integral positive definite 2 × 2 matrices S and S, Z = tr(SZ).
Siegel cusp forms and dimension formulas
The dimensions of cusp forms of weight k ≥ 4 have been found for certain subgroups of the modular group Γ = Sp(4, ) and we summarize these results here. In fact, Hashimoto [6] has given a general formula for dim S 2 k (Γ ′ ) using the Selberg Trace Formula, although it is not explicit. Dimensions of spaces of cusp forms with respect to the following subgroups have been determined using various methods and we summarize those results below.
• Γ = Sp(4, ).
•
• Γ(N ) = {g ∈ Sp(4, ) : g ≡ I(mod N )}.
Dimensions of S k (Γ).
A formula for the dimension of S k (Γ) was computed by Eie [4] using the Selberg trace formula:
and F is a fundamental domain on H 2 for Sp(4, ).
Eie then finds the following dimension formula by determining the contribution from the conjugacy classes of regular elliptic elements in Sp(4, ) using Weyl's character formula for representations of GL(2, ), obtaining
where 3.3. Dimensions of S k (K(p)). In [17] , Poor and Yuen discuss Siegel modular cusp forms of weight two for the paramodular group K(p) for primes p < 600 and give a table of dimensions for weight 4 paramodular forms of small prime level. Ibukiyama computed the dimensions for weights k ≥ 5 using the Selberg trace formula [7] and for weights 3, 4 [8] . In the case of weight 4, prime level p ≥ 5 paramodular cusp forms, Ibukiyama determined the dimension formula dim S 4 (K(p)
For weight 4 paramodular cusp forms, the dimensions for small prime level spaces are given in the following table. [12] , [20] , [21] . Let N = p 1 . . . p n , where p 1 < · · · < p n are distinct odd primes, and let
Then the dimension of Siegel cusp forms of degree 2, weight k ≥ 4, and level N is
In particular, if N = p is prime, the dimension is
2 8 3 3 5 For convenience, we compute the dimensions of some of these spaces with this formula. We find that the dimension of the space of cusp forms of weight 4 of the smallest odd square-free level is quite large: dim S 4 (Γ(15)) = 69, 023, 360, 250, 000, 000.
Bounds for dimensions of spaces of newforms
We now give bounds for dimensions of spaces of newforms S 
Proof. The case where the local component is non-supercuspidal is discussed in [1] and its argument is omitted here. In the case where the local component is supercuspidal, we use the work of Morris [13] , [14] and of Moy and Prasad [15] .
Let Γ > Γ 1 be congruence subgroup of G = GSp(4, É p ). Let π be an irreducible smooth supercuspidal representation of G. Suppose π Γ1 = 0. Then π| Γ contains a cuspidal representation ρ of Γ/Γ 1 ∼ = GSp(4, p ). Then π contains an extensionρ of ρ to ZΓ, where Z is the center, and we have Hom ZΓ (ρ, π| ZΓ ) = 0. By Frobenius reciprocity,
ZΓρ is irreducible, it must be isomorphic to π. Now consider the decomposition of ind G ZΓρ | Γ1 using Mackey's restriction formula, ind
where
for h ∈ ZΓ. We now want to find when ind
or, equivalently, when
Consider ind G ZΓρ | Γ1 . If this contains the trivial representation, then ind G ZΓρ | Γ contains an irreducible representation, say τ , such that τ | Γ1 ⊃ 1 Γ1 . This implies that τ is trivial on Γ 1 . So π contains ρ and τ . The general theory implies that ρ, τ intertwine, i.e., there exist x ∈ G such that
This implies x ∈ ZΓ. So, by the cuspidality of ρ and using representatives for Γ\G/Γ, we have ρ ∼ = τ . It follows that π Γ1 =ρ| Γ1 . In particular,
Thus, by considering spaces of Γ(p)-fixed vectors, the dimensions of the nontrivial irreducible representations of GSp(4, p ) can be used to find bounds for the number of associated automorphic representations, i.e, to find bounds for the dimension of the space of newforms. The dimensions of the nontrivial irreducible representations of GSp(4, q ), determined in [1] , are given in the following table. 
We may exclude the dimensions a 16 (p) and a 17 (p) from our considerations because they are dimensions of Γ(p)-fixed vectors of representations that are not unitary. The theorem follows.
We note that this method also applies to finding bounds for dimensions of Siegel cusp forms of higher degree g. However, one must determine the dimensions of the irreducible representations of the group GSp(2g, p ) in the higher degree case. (Γ(3)) = S 4 (Γ 0 (3)).
• All Siegel cusp forms of weight 4, level 3 are Saito-Kurokawa lifts.
• The associated automorphic representation's component at p = 3 is isomorphic to the non-supercuspidal representation τ (T, ν −1/2 σ), a constituent of
Proof. First note that dim S 4 (Γ(3)) = 15. By our theorem, we have
Moreover, we can determine the dimension exactly in this case. Let f be an eigenform of weight 4 and level 3 and let π = π f = ⊗ v π v be its associated automorphic representation. Since f has level 3, π p is spherical for finite primes p = 3 and π 3 has a non-trivial finite-dimensional subspace of Γ (3) c n a n (3) = dim S 4 (Γ(3)) = 15 is c 14 = 1 and c i = 0 for i = 14. This means that there is only one automorphic representation associated to this space. Hence, the dimension of the space of newforms is 1. Furthermore, the irreducible representations of GSp(4, 3 ) that have dimension a 14 (3) are the non-cuspidal representations Ind(θ 11 ) a , Ind(θ 12 ) b , and their twists, see [1] . These representations descend from the non-supercuspidal representations
To determine which one it is, we note that τ (T, ν −1/2 σ) has a non-zero Γ 0 (3)-fixed vector and L(ν 1/2 St GL(2) , ν −1/2 σ) does not, see [18] . Also, L(ν 1/2 St GL(2) , ν −1/2 σ) has a non-zero Γ K(3) -fixed vector and τ (T, ν −1/2 σ) does not. So the correct local component can be identified if we know dim S 4 (Γ 0 (3)) or dim S 4 (K(3)). From [16] and [17] we have dim S 4 (Γ 0 (3)) = 1 and dim S 4 (K(3)) = 0. So τ (T, ν −1/2 σ), a Saito-Kurokawa lifting, is the local component.
Similarly, we also have bounds for dimensions of newforms of odd square-free level. 
